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The rapid technological development that has been achieved the
recent years has led to the appearance of a plenty of new composite
materials with multifunctional behavior. Nowadays there is a large
variety of composite materials, such as the multilayered, the ﬁber
and the particulate composites, which can be used in many struc-
tural applications. The, relatively new, nanocomposites based on
carbon nanotubes (Iijima, 1991) allow the construction of strong
and light structures and they are already used in industrial applica-
tions. The newly developed functionally graded materials provide
excellent thermomechanical properties (Miyamoto et al., 1999).
The major criterion for the selection and design of a composite
material in engineering structures is the good mechanical and
thermal performance. The identiﬁcation of the composite material
behavior though is a difﬁcult task and in many cases approximate
methods are used (Pindera et al., 2009). The position and the
geometry of the constituent materials, the void nucleation during
the construction of the composite material and the appearance of
weak interphases between two different materials due to bad
coherence are only a few of the problems for determining the
thermomechanical behavior of the actual composite structure.
The basic theoretical tools for the estimation of the thermome-
chanical response of composite materials are the micromechanics
and the homogenization methods (Bensoussan et al., 1978;ll rights reserved.
igeorgiou).Bakhvalov and Panasenko, 1989; Kalamkarov and Kolpakov,
1997; Qu and Cherkaoui, 2006). The aim of these methods is to
determine the effective behavior of the composite material using
the properties, the volume fractions and the geometrical structure
of the constituent materials. Emerging theories provide efﬁcient
computational approaches of functionally graded materials
(Cavalcante et al., 2007).
Very recently, an increased research interest for materials and
structures with cylindrical geometry has appeared (Horgan and
Chan, 1999a,b; Chen et al., 2000; Tarn and Wang, 2001; Tarn,
2002; Ruhi et al., 2005; Kordkheili et al., 2007; Chatzigeorgiou
et al., 2008; Chatzigeorgiou et al., 2009; Tsukrov and Drach,
2010; Nie and Batra 2010a–c; Gélébart, 2011; Cavalcante et al.,
2011). Material systems that present non-homogeneous structure
with cylindrical geometry can be found in engineering applications
(composite shells, composite materials with carbon nanotubes,
carbon ﬁbers, tubular hybrid composites), biomedical applications
(study of bones and tissues) and natural systems (bamboo, tree
trunk). The determination of the overall behavior of such struc-
tures require the use of appropriate homogenization tools.
The subject of this paper is the homogenization of structures
with periodic shell (e.g. cylindrical) structure and the computation
of their effective thermomechanical response. Methodology for
obtaining the effective mechanical properties for these structures
was introduced in Chatzigeorgiou et al. (2011), using a modiﬁed
version of the asymptotic expansion homogenization method
(AEH) for shell type periodic unit cells. In this work we extend
the methodology to include also effective thermal properties, as
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composite structures with cylindrical periodicity. Moreover,
emphasis is given on some engineering applications of special
interest, such as FRP-wrapped concrete cylindrical columns, and
the interphase of ‘‘fuzzy ﬁber’’ composites. The interesting charac-
teristic of the material systems under investigation is that their
structures are produced by the repetition of a unit cell with macro-
variable-dependent elementary volume. This characteristic is ta-
ken into account in the present work. We note that in this paper
a complete set of homogenized coefﬁcients is given and micro-
structural response is identiﬁed. Local stress ﬁeld disturbances
due to materials architecture have an impact on the interfacial
strength (Lekhnitskii, 1981).
The structure of the paper is the following: Section 2 presents
the general framework and the basic thermomechanical equations
that describe the behavior of the composite’s material constitu-
ents. Section 3 describes the AEH method for microscale structure
with cylindrical periodicity. Several numerical examples motivated
by engineering applications are presented in Section 4. The ﬁrst
example refers to the homogenization of multilayered tubes. In
the second and third example we determine the effective proper-
ties of unidirectional and two-directional ﬁber reinforced poly-
mers-wrapped concrete columns. In the fourth example we
compute the effective thermomechanical properties of the inter-
phase in ‘‘fuzzy ﬁber’’ composites. The last Section includes the
major conclusions of this work.
2. Materials with periodic shell structure
This work focuses on composite tubes with cylindrical periodic-
ity in the microstructure. The schematic of Fig. 1 represents such a
composite. The representative element in this structure has macro-
variable-dependent elementary volume, in the sense that its vol-
ume increases as we move from the inner to the outer surface of
the tube.
Each constituent of the composite is assumed to exhibit linear
thermoelastic response. Due to the cylindrical geometry of the
composite, it is more convenient to represent the equations that
characterize the thermomechanical behavior of the constituents
in cylindrical coordinate system. For each material the strains e
are given in terms of the displacements u
err ¼ @ur
@r
; ehh ¼ 1r
@uh
@h
þ ur
 
;
ezz ¼ @uz
@z
; ezh ¼ 12
@uh
@z
þ 1
r
@uz
@h
 
;
erz ¼ 12
@uz
@r
þ @ur
@z
 
; erh ¼ 12
1
r
@ur
@h
þ @uh
@r
 uh
r
 
:
ð1ÞFig. 1. Composite with periodic shell structure and a zoomed area which shows the
unit cells.The stress–strain (r–e) thermoelastic constitutive laws, using the
Voigt notation,1 are given by
r ¼ C e að# #ref Þ
 
; ð2Þ
where
r ¼
rrr
rhh
rzz
rzh
rrz
rrh
2
666666664
3
777777775
; C ¼
Crrrr Crrhh Crrzz Crrhz Crrrz Crrrh
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3
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ahh
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2arh
2
666666664
3
777777775
:
ð3Þ
C is the fourth order stiffness tensor, a is the second order tensor of
thermal coefﬁcients, # is the temperature and #ref is a reference
temperature. Ignoring inertia forces, the equations of equilibrium
read
@rrr
@r
þ 1
r
@rrh
@h
þ @rrz
@z
þ rrr  rhh
r
þ fr ¼ 0; ð4Þ@rrh
@r
þ 1
r
@rhh
@h
þ @rzh
@z
þ 2rrh
r
þ fh ¼ 0; ð5Þ@rzr
@r
þ 1
r
@rzh
@h
þ @rzz
@z
þ rzr
r
þ fz ¼ 0: ð6Þ
Finally, the energy equation for steady state heat ﬂow, ignoring the
elastic mechanical energy, is written
 @qr
@r
þ 1
r
@qh
@h
þ @qz
@z
þ qr
r
 
¼ Q ð7Þ
with
qr ¼  jrr
@#
@r
þ jrh 1r
@#
@h
þ jrz @#
@z
 
;
qh ¼  jrh
@#
@r
þ jhh 1r
@#
@h
þ jhz @#
@z
 
;
qz ¼  jrz
@#
@r
þ jhz 1r
@#
@h
þ jzz @#
@z
 
;
ð8Þ
where j is the second order thermal conductivity tensor. We note
that the tensors C, a and j are all positive deﬁnite. The term Q,
which refers to radiation, the body forces f and the reference tem-
perature #ref will be assumed without micro-ﬂuctuations, being
only functions of the macro-position.
As Fig. 1 shows, exact cylindrical periodicity in ﬁber composites
implies ﬁbers of different section, which leads to the same volume
fraction and one unit cell to be solved. However, such microstruc-
tural geometry has no practical interest. A realistic situation needs
the same ﬁber section. As we will see in Section 3.4, the proposed
methodology can be used for such composites through the
approximate locally periodic homogenization.1 We note that the Voigt notation is a way to rewrite a fourth order symmetric
tensor Aijkl in a 6 6 matrix form Afg , by applying the substitutions:11 ! 1, 22 ! 2,
33 ! 3, 23 ! 4, 31 ! 5, 12 ! 6. In cylindrical coordinates we apply the substitu-
tions: rr ! 1, hh ! 2, zz ! 3, hz ! 4, rz ! 5, rh ! 6.
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The effective thermomechanical properties of the composite
will be obtained using the asymptotic expansion homogenization
method. This method has been used successfully for thermoelastic
problems in the case of structures with periodicity in Cartesian
coordinate system (Ene, 1983). In this approach two scales are con-
sidered, the macroscale and the microscale with characteristic
length d. In cylindrical coordinates we have the macro-coordinates
x ¼ ðr; h; zÞ and the micro-coordinates y ¼ ðrd ; hd ; zdÞ ! ðr; h;zÞ. For
clarity and simpliﬁcation, we use indicial notation, where the clas-
sical (1,2,3) notation is substituted by the ðr; h; zÞ of cylindrical
coordinates. Additionally, we introduce the operators Li for the
macroscale and Li; i ¼ r; h; z, for the microscale, where
Lr ¼ @
@r
; Lh ¼ 1r
@
@h
; Lz ¼ @
@z
; ð9Þ
Lr ¼ @
@r
; Lh ¼ 1r
@
@h
; Lz ¼ @
@z
: ð10Þ
The aim of the asymptotic expansion homogenization (AEH) meth-
od is to identify the behavior of the composite material, when the
size of the microstructure becomes inﬁnitesimally small, i.e.
d ! 0. In the sequel, every quantity with the superscript d refers
to the heterogeneous material. Using (9), the strain–displacement
relations (1) of the material system read
edrr ¼ Lrudr ; edhh ¼ Lhudh þ
udr
r
; edzz ¼ Lzudz ;
edhz ¼
1
2
Lhudz þ Lzudh
 
; edrz ¼
1
2
Lrudz þ Lzudr
 
;
edrh ¼
1
2
Lrudh þ Lhudr 
udh
r
 
:
ð11Þ
In what follows, the indices i; j; k; l; m; n take the values r; h; z
and when they are repeated, the Einstein summation is used. The
equilibrium equations (4)–(6) are written as
Ljrdrj þ
rdrr  rdhh
r
þ fr ¼ 0; Ljrdhj þ 2
rdrh
r
þ fh ¼ 0;
Ljrdzj þ
rdrz
r
þ fz ¼ 0: ð12Þ
Also, the Hooke’s law (2) is written
rdij ¼ Cdijkl½edkl  adklð#d  #ref Þ; ð13Þ
where the stiffness components Cdijkl and the thermal expansion
coefﬁcient components adij are generally spatially dependent. We as-
sume that they depend on the micro-coordinates r; h and z. Finally,
the energy equation (7) reads
Liqdi þ
qdr
r
¼ Q ; qdk ¼ jdkjLj#d; k ¼ r; h; z: ð14Þ
According to the AEH method, the displacements and tempera-
ture are written in a series expansion form
udi ¼ uð0Þi ðx; yÞ þ duð1Þi ðx; yÞ þ d2uð2Þi ðx; yÞ þ    ;
#d ¼ #ð0Þðx; yÞ þ d#ð1Þðx; yÞ þ d2#ð2Þðx; yÞ þ   
ð15Þ
where uðMÞi and #
ðMÞ; M ¼ 0;1;2; . . ., are the expanded terms of the
displacements and the temperature respectively, assumed to be
periodic functions with respect to the micro-coordinates. The
derivatives
@=@r; @=@h; @=@z
are substituted by@=@r þ 1
d
@=@r; @=@hþ 1
d
@=@h; @=@zþ 1
d
@=@z;
respectively. This leads to substitute Li by Li þ 1d Li, i ¼ r; h; z.
3.1. Thermal part – energy equation
The heat ﬂux terms qi are written in expanded form
qdi ¼
1
d
qð1Þi þ qð0Þi þ dqð1Þi þ    ; ð16Þ
where
qð1Þi ¼ jij Lj#ð0Þ; ð17Þ
qðMÞi ¼ jijLj#ðMÞ  jij Lj#ðMþ1Þ; M ¼ 0;1;2; . . . ð18Þ
The expansion term ‘‘1’’ is used for convenience in order to keep
similar notation for the macroscale (index 0) and the microscale (in-
dex 1) problem with the current literature (Sanchez-Palencia, 1978;
Ene, 1983). It arises from the assumption that the temperature term
#ð0Þ generally depends on both the macroscale and the microscale.
As it is shown, eventually #ð0Þ is not a function of micro-coordinates
and the ‘‘1’’ term is zero, not causing any issues to the homogeni-
zation problem. Similar approach is also followed for the mechani-
cal part of the problem.
Using the expanded form of the heat ﬂuxes (16), the energy
equation takes the form
1
d2
Liqð1Þi þ
1
d
Liqð1Þi þ Liqð0Þi þ
qð1Þr
r
 !
þ Liqð0Þi þ Liqð1Þi
þ q
ð0Þ
r
r
 Q þ d . . . ¼ 0: ð19Þ
According to the classical procedure of the AEH method, the d2
terms must be zero. This leads to
Lijij Lj#ð0Þ ¼ 0: ð20Þ
By virtue of the periodicity of the #ð0Þ, the linearity in the microscale
of Eq. (20), and the positive deﬁnite character of jij, the term #ð0Þ is
independent of y. So qð1Þi ¼ 0. The micro-equations are deﬁned
from the d1 terms
Liqð0Þi ¼ 0; ð21Þ
or
LiðjijÞLj#ð0Þ þ Li jij Lj#ð1Þ
  ¼ 0: ð22Þ
In Eq. (22), #ð0Þ depends only on the macro-coordinates. Assuming
#ð0Þ known, we can write
#ð1Þ ¼ WmLm#ð0Þ; ð23Þ
where Wm must satisfy the auxiliary partial differential equation
problem
Li jim þ jij LjWm
  ¼ 0; Wm periodic in ðr; h;zÞ: ð24Þ
The ﬁnal form of the micro-equations (24) allows to solve for the
unknown functionsWm. Also, we need to impose the necessary con-
tinuity conditions
sWmt ¼ 0; s jim þ jij LjWm
 
nit ¼ 0; ð25Þ
where ni is the unit normal vector to the surface of discontinuity.
The heat ﬂuxes qð0Þi then are written
qð0Þi ¼  jim þ jij LjWm
 Lm#ð0Þ: ð26Þ
The macro-equations can be obtained from the d0 terms of the
equilibrium equations. When d approaches zero, every d periodic
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gral of the function in the periodic unit cell divided by the volume.
We introduce the volume integral symbol on the volume V of the 3-
D unit cell in (r; h;z),
h/i ¼ r
V
Z
V
/ðr; h;zÞdrdhdz: ð27Þ
By setting xi as the outer unit normal vector to the boundary and
@V the boundary surface of the unit cell, we can use the Gauss the-
orem and the periodicity of qð1Þi to show that
hLiqð1Þi i ¼
r
V
Z
@V
qð1Þi xidS ¼ 0: ð28Þ
The macro-equations then are obtained from the weak limit of the
d0 terms in the energy equation
Lihqð0Þi i þ
hqð0Þr i
r
 Q ¼ 0; ð29Þ
where
hqð0Þi i ¼ hjim þ jij LjWmiLm#ð0Þ: ð30Þ
From the last equation we identify the effective thermal conductiv-
ity jh as
jhim ¼ hjim þ jij LjWmi; ð31Þ
where Wm are the solutions of Eq. (24).
3.2. Mechanical part
Using (15) and the expansion of the derivatives, the strains in
(11) can be written in the form
edij ¼
1
d
eð1Þij þ eð0Þij þ deð1Þij þ    ; ð32Þ
where
eð1Þij ¼
1
2
Liuð0Þj þ Ljuð0Þi
 	
; ð33Þ
eðMÞij ¼ eðMÞij þ
1
2
LiuðMþ1Þj þ LjuðMþ1Þi
 	
; M ¼ 0;1;2; . . . ð34Þ
and
eðMÞrr ¼ LruðMÞr ; eðMÞhh ¼ LhuðMÞh þ
uðMÞr
r
; eðMÞzz ¼ LzuðMÞz ;
eðMÞhz ¼
1
2
LzuðMÞh þ LhuðMÞz
 	
; eðMÞrz ¼
1
2
LruðMÞz þ LzuðMÞr
 
;
eðMÞrh ¼
1
2
LhuðMÞr þ LruðMÞh 
uðMÞh
r
 !
:
ð35Þ
From the Hooke’s law (13) and Eq. (32) we can write the expanded
form of the stresses
rdij ¼
1
d
rð1Þij þ rð0Þij þ drð1Þij þ    ; ð36Þ
where
rð1Þij ¼ Cijkl Lkuð0Þl ;
rð0Þij ¼ Cijkleð0Þkl þ Cijkl Lkuð1Þl  Cijklaklð#ð0Þ  #ref Þ;
rðMÞij ¼ CijkleðMÞkl þ Cijkl LkuðMþ1Þl  Cijklakl#ðMÞ; M ¼ 1;2; . . .
ð37Þ
An interesting observation is that the reference temperature ap-
pears only on the rð0Þij components. Using the expanded form of
the stresses (36), the equilibrium equations take the form1
d2
Ljrð1Þrj þ
1
d
Ljrð1Þrj þ Ljrð0Þrj þ
rð1Þrr  rð1Þhh
r
 !
þ Ljrð0Þrj þ Ljrð1Þrj þ
rð0Þrr  rð0Þhh
r
þ fr þ d . . . ¼ 0; ð38Þ
1
d2
Ljrð1Þhj þ
1
d
Ljrð1Þhj þ Ljrð0Þhj þ 2
rð1Þrh
r
 !
þ Ljrð0Þhj þ Ljrð1Þhj þ 2
rð0Þrh
r
þ fh þ d . . . ¼ 0; ð39Þ
1
d2
Ljrð1Þzj þ
1
d
Ljrð1Þzj þ Ljrð0Þzj þ
rð1Þrz
x1
 !
þ Ljrð0Þzj þ Ljrð1Þzj þ
rð0Þrz
x1
þ fz þ d . . . ¼ 0: ð40Þ
According to the classical procedure of the AEH method, the d2
terms must be zero. This leads to
LjCijkl Lkuð0Þl ¼ 0; i ¼ r; h; z: ð41Þ
By virtue of the periodicity of the uð0Þi , the linearity in the microscale
of the Eq. (41), and the positive deﬁnite character of Cijkl, the terms
uð0Þi are independent of y. So r
ð1Þ
ij ¼ 0. The micro-equations are de-
ﬁned from the d1 terms
Ljrð0Þij ¼ 0; i ¼ r; h; z; ð42Þ
which, using Eq. (37)2, can be written as
Lj Cijkl
 
eð0Þkl  Lj Cijklakl
 ð#ð0Þ  #ref Þ þ Lj Cijkl Lkuð1Þl 	 ¼ 0: ð43Þ
In Eq. (43), the terms eð0Þij depend only on the macro-displacements
uð0Þi . Assuming e
ð0Þ
ij and #
ð0Þ known, we can write
uð1Þi ¼ Nmni eð0Þmn  N0i ð#ð0Þ  #ref Þ; ð44Þ
where Nmni and N
0
i must satisfy the equations
Lj Cijmn þ Cijkl LkNmnl
  ¼ 0; Lj Cijklakl þ Cijkl LkN0l 	 ¼ 0;
Nmni ;N
0
i periodic in ðr; h;zÞ:
ð45Þ
The micro-equations (45) in their ﬁnal form are solved for the un-
known functions Nmni . Also, we need to impose the necessary conti-
nuity conditions
sNmni t ¼ 0; s Cijmn þ Cijkl LkNmnl
 
njt ¼ 0;
sN0i t ¼ 0; s Cijklakl þ Cijkl LkN0l
 	
njt ¼ 0;
ð46Þ
where ni is the unit normal vector to the surface of discontinuity.
The stresses rð0Þij then are written
rð0Þij ¼ Cijmn þ Cijkl LkNmnl
 
eð0Þmn  Cijklakl þ Cijkl LkN0l
 	
ð#ð0Þ  #ref Þ:
ð47Þ
The macro-equations can be obtained from the d0 terms of the equi-
librium equations. We can again use the Gauss theorem and the
periodicity of rð1Þij to show that
hLjrð1Þij i ¼
r
V
Z
@V
rð1Þij xj dS ¼ 0: ð48Þ
Then, passing to the limit in the d0 macro-equations, we obtain the
equilibrium equations
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hrð0Þrr i  hrð0Þhh i
r
þ fr ¼ 0; Ljhrð0Þhj i þ 2
hrð0Þrh i
r
þ fh ¼ 0;
Ljhrð0Þzj i þ
hrð0Þrz i
r
þ fz ¼ 0;
ð49Þ
where
hrð0Þij i ¼ hCijmn þ Cijkl LkNmnl ieð0Þmn  hCijklakl þ Cijkl LkN0l i
 ð#ð0Þ  #ref Þ: ð50Þ
Last equation gives immediately that the effective medium has a
constitutive law of the form
hrð0Þij i ¼ Chijkl½eð0Þkl  ahklð#ð0Þ  #ref Þ; ð51Þ
where the homogenized tensors Ch and ah are given by
Chijmn ¼ hCijmn þ Cijkl LkNmnl i;
ahij ¼ fChijmng1hCmnklakl þ Cmnkl LkN0l i;
ð52Þ
where the functions Nmni and N
0
i are determined by solving the
Eq. (45). The tensor fChg1 is the inverse of the effective stiffness
tensor.2 It is important to note that one can possibly derive the
homogenized equations using curvilinear periodicity cells. However,
our approach provides a rigorous foundation of performing homog-
enization in curvilinear system.
We can also show that the knowledge of only Nmni is sufﬁcient to
compute Ch and ah. Following Kalamkarov and Kolpakov (1997),
Eq. (45) can be written
Lj Cijmn þ CijklLkNmnl
 
N0i ¼ 0; ð53Þ
and
Lj Cijklakl þ Cijkl LkN0l
 	
Nmni ¼ 0: ð54Þ
Using the volume integral and integrating by parts, we take into ac-
count the periodicity of these functions and we get
hCijmn LjN0i i þ hCijkl LkNmnl LjN0i i ¼ 0 ð55Þ
and
hCijklakl LjNmni i þ hCijkl LkN0l LjNmni i ¼ 0: ð56Þ
Due to the symmetry of the stiffness tensor, the second terms of the
two last equations are equal and we get (using the minor and major
symmetries of the stiffness tensor)
hCmnkl LkN0l i ¼ hCijklakl LiNmnj i: ð57Þ
So the effective tensors can be written
Chijmn ¼ hCijmn þ Cijkl LkNmnl i;
ahij ¼ fChijmng1cmn; cmn ¼ hCmnklakl þ Cklpqapq LkNmnl i:
ð58Þ
It is important to mention that Eqs. (24) and (45) correspond to
a unit cell (UC) which depends on the macro-coordinate r. This is a
signiﬁcant difference with classical periodic composites with
microstructural periodicity in Cartesian coordinate system. A unit
cell has the characteristic that, repeated by periodicity, may cover
the entire structure of the composite (Suquet, 1987). In cylindri-
cally periodic shell structures the UC has macrovariable-dependent
elementary volume. We note that the proposed method is limited
for cases where the macrostructure is a hollow tube, in which
r > 0.2 The inverse of a fourth order tensor Ch is deﬁned as the fourth order tensor
fChg1, for which CijmnfCmnklg1 ¼ 12 ðdikdjl þ dildjkÞ, where dij is the Kronecker delta.Another qualitative difference between the two coordinate sys-
tems (cylindrical – Cartesian) is that the coordinate hmeasures an-
gles and is dimensionless, while all the Cartesian coordinates
describe lengths. A contribution of this paper is to show that, de-
spite the difference between r; h; z and x; y; z and the related
cylindrical periodicity characterizing structures which are not pro-
duced by simple repetition of the same elementary volume, the
unit cell in both cases can be reduced to a cube.
In many of the examples that will follow, the UC exhibits very
different scales for h, and for r; z. For this reason, it is convenient
to substitute the h-coordinate with the h ¼ rh-coordinate, where
r is the macroscale radial coordinate. With this substitution we get
Lr ¼ @
@r
; Lh ¼ @
@h
; Lz ¼ @
@z
: ð59Þ
One of the signiﬁcant aspects of this investigation is the generation
of a complete set of homogenized module for macro-level response
calculations. In some applications, only limited moduli are available
while others are adjusted to lie within thermomechanically admis-
sible bounds. Calculation of thermal stresses in polymeric compos-
ites with radially and circumferentially orthotropic graphite ﬁbres
(see work by Avery and Herakovich (1986)) is one such example.
3.3. Microscale response
Additionally to the effective properties, the AEH method can
provide information about the thermomechanical response in
microscopic level. In many cases this information is very valuable.
When considering inelastic materials, for example, it is essential to
know the value of the stresses in the microscopic level. In sensor-
ing applications, disturbances in the thermal or mechanical re-
sponse in microscopic level can signiﬁcantly inﬂuence the
macroscopic behavior of the composite.
Using the obtained effective thermomechanical properties, the
macroscale equations (29), (30), (49), (51) and (35) (for M = 0)
are solved analytically or numerically and the macro-temperature
#ð0Þ, the macro-displacements uð0Þi and the macro-strains e
ð0Þ
ij are
computed. Returning to the unit cell problems (24) and (45), the
micro-ﬂuxes and the micro-stresses are obtained from Eqs. (26)
and (47) respectively, while the micro-strains are obtained from
the relations
eð0Þij ¼ eð0Þij þ
1
2
LiNmnj þ LjNmni
 	
eð0Þmn : ð60Þ
We note that the micro-ﬂuxes provide information about tempera-
ture gradients in the microstructure, which allow the detection of
possible thermal spots in the composite that can lead to local
failure.
3.4. Approximate locally periodic homogenization
In most cases, exact cylindrical periodicity is of no practical
interest (see, for instance, the ﬁber composite of Fig. 1). Composites
with increasing ﬁber cross sections, like the case of Fig. 1, are not
easily constructed today, but the rapid advances in the manufac-
turing capabilities across different scales allow to think that such
conﬁgurations may indeed be practically realizable at some point
in the not-so-distant future: graded joints have already been intro-
duced by researches in the 1990s in the context of large-scale
structural applications. A more realistic situation though (Fig. 2)
requires the same ﬁber cross section, thus different volume frac-
tions and an inﬁnity of unit cells to be solved.
In the exact cylindrical periodicity case, one unit cell is solved
with a ﬁber dimension corresponding to the average volume frac-
tion of the composite. The result would be a homogeneous effec-
tive material. However, it is obvious that the homogenized
Fig. 2. Fiber composite with cylindrical geometry and a zoomed area which shows
the ﬁbers.
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outer surfaces, where the volume fraction of the ﬁbers is smaller,
can be better approximated by a graded material.
Based on this observation, we can substitute the whole volume
of the composite by a sum of m small subvolumes with mean ra-
dius ri. These subvolumes are assumed to have the same ﬁber vol-
ume fraction corresponding to ri, which allows for passing to the
limit and obtaining m cell problems, thus m effective zones, giving
the functionally graded effective material. Fig. 3 shows how the
real microstructure can be approximated to an idealized micro-
structure with cylindrical periodicity inside a small subvolume.
For a ﬁber composite, the procedure of the approximate homog-
enization is the following: using the experimentally deﬁned aver-
age volume fraction of the ﬁber composite, one deﬁnes the
number of the ﬁbers in each subvolume, thus obtaining the ﬁber
volume fraction of each subvolume. Then each subvolume is as-
sumed to present exact cylindrical periodicity and its effective
behavior is computed using the appropriate unit cell.
The concept of approximate locally periodic homogenization
can be applied to composites with cylindrical geometry, in which
the microstructure presents local periodicity.4. Numerical examples
4.1. Multilayered cylinder
We consider a periodic structure consisting of 2 cylindrically
orthotropic layers in the y1 direction (Fig. 4). The cylindrical
orthotropy is expressed by the fact that the stiffness
components Crrhz; Crrrz; Crrrh; Chhhz; Chhrz; Chhrh; Czzhz; Czzrz; Czzrh;
Chzrz; Chzrh, Crzrh, the coefﬁcients of thermal expansion azh; arz; arh,
and the thermal conductivity coefﬁcients jzh; jrz; jrh are zero.Fig. 3. Local approximation of a real ﬁber composite to a ﬁber composite with
cylindrical periodicity.Each layer has volume fraction cw, stiffness tensor C
ðwÞ, coefﬁcient
of thermal expansion aðwÞ and thermal conductivity jðwÞ, where
w ¼ 1;2. Obviously c1 þ c2 ¼ 1.
4.1.1. Thermal part – energy equation
The solution of the micro-equations, due to the structure, must
depend only on y1. The micro-equations (24) for each material con-
stituent w are written
@
@r
jðwÞrm þ jðwÞrr
@WmðwÞ
@r
 !
¼ 0 ð61Þ
with m ¼ r; h; z. At the point ðr; h;zÞ ¼ ðrmin; 0;0Þ of the boundary of
the unit cell we assume that all Wm are equal to a prescribed value
w. Due to periodicity, all Wm are also equal to w at ðrmax;0;0Þ. Using
the continuity conditions (25), Eq. (61) leads to
@WrðwÞ
@r
¼ 1þ 1
jðwÞrr
1
X2
k¼1
ck
jðkÞrr
, !
with w ¼ 1;2, and the rest of the derivatives of Wm equal to zero.
Using the previous results and Eq. (31), the effective thermal
conductivity of the composite takes the form
jh ¼
jhrr 0 0
0 jhhh 0
0 0 jhzz
2
64
3
75; ð62Þ
where the constituents are given explicitly as
jhrr ¼ 1
X2
k¼1
ck
jðkÞrr
,
; jhhh ¼
X2
k¼1
ckjðkÞhh ; j
h
zz ¼
X2
k¼1
ckjðkÞzz : ð63Þ
We observe that the value w at the boundary does not enter the
effective properties.
Themicro-ﬂuxes are given as function of themacro-temperature
from the following equations:
qð0ÞðwÞr ¼ khrr
@#ð0Þ
@r
; qð0ÞðwÞh ¼ 
kðwÞhh
r
@#ð0Þ
@h
; qð0ÞðwÞz ¼ kðwÞzz
@#ð0Þ
@z
:4.1.2. Mechanical part
The solution of the micro-equations, due to the geometry of the
structure, depends only on y1. Using the Voigt notation, the micro-
equations (45)1 for each material constituent w are written:Fig. 4. Multilayered tube.
2596 G. Chatzigeorgiou et al. / International Journal of Solids and Structures 49 (2012) 2590–2603@
@r
CðwÞrrmn þ CðwÞrrrr
@NmnðwÞr
@r
 !
¼ 0; @
@r
CðwÞrhmn þ CðwÞrhrh
@NmnðwÞh
@r
 !
¼ 0;
@
@r
CðwÞrzmn þ CðwÞrzrz
@NmnðwÞz
@r
 !
¼ 0: ð64Þ
with m;n ¼ r; h; z. At the point ðr; h;zÞ ¼ ðrmin;0; 0Þ of the boundary
of the unit cell we assume that all Nmn are equal to a prescribed va-
lue w. Due to periodicity, all Nmn are also equal to w at ðrmax;0;0Þ.
Using the continuity conditions (46)1,2, Eq. (64) lead to
@NmnðwÞr
@r
¼ C
ðwÞ
rrmn
CðwÞrrrr
þ 1
CðwÞrrrr
X2
k¼1
ck
CðkÞrrmn
CðkÞrrrr
=
X2
k¼1
ck
CðkÞrrrr
 !
; mn ¼ rr; hh; zz;
@NrhðwÞh
@r
¼ 1þ 1
CðwÞrhrh
1
X2
k¼1
ck
CðkÞrhrh
, !
;
@NrzðwÞz
@r
¼ 1þ 1
CðwÞrzrz
1=
X2
k¼1
ck
CðkÞrzrz
 !
with w ¼ 1;2, and the rest of the derivatives of Nmn equal to zero.
Using the previous results and Eq. (58)1, the effective elastic
stiffness of the composite takes the form
Ch ¼
Chrrrr C
h
rrhh C
h
rrrz 0 0 0
Chrrhh C
h
hhhh C
h
hhzz 0 0 0
Chrrzz C
h
hhzz C
h
zzzz 0 0 0
0 0 0 Chhzhz 0 0
0 0 0 0 Chrzrz 0
0 0 0 0 0 Chrhrh
2
66666666664
3
77777777775
; ð65Þ
where the constituents are given explicitly as
Chrrrr ¼ 1
X2
k¼1
ck
CðkÞrrrr
,
; Chrrhh ¼ Chrrrr
X2
k¼1
ck
CðkÞrrhh
CðkÞrrrr
;
Chrrzz ¼ Chrrrr
X2
k¼1
ck
CðkÞrrzz
CðkÞrrrr
;
Chhhhh ¼
X2
k¼1
ck C
ðkÞ
hhhh  CðkÞrrhh
CðkÞrrhh
CðkÞrrrr
 !
þ Chrrhh
X2
k¼1
ck
CðkÞrrhh
CðkÞrrrr
;
Chhhzz ¼
X2
k¼1
ck C
ðkÞ
hhzz  CðkÞrrzz
CðkÞrrhh
CðkÞrrrr
 !
þ Chrrzz
X2
k¼1
ck
CðkÞrrhh
CðkÞrrrr
;
Chzzzz ¼
X2
k¼1
ck C
ðkÞ
zzzz  CðkÞrrzz
CðkÞrrzz
CðkÞrrrr
 !
þ Chrrzz
X2
k¼1
ck
CðkÞrrzz
CðkÞrrrr
;
Chhzhz ¼
X2
k¼1
ckC
ðkÞ
hzhz; C
h
rzrz ¼ 1
X2
k¼1
ck
CðkÞrzrz
,
; Chrhrh ¼ 1
X2
k¼1
ck
CðkÞrhrh
,
:
ð66Þ
These results are in agreement with the results obtained in Chatzi-
georgiou et al. (2008). In Chatzigeorgiou et al. (2008) several bound-
ary value problems were solved and the effective stiffness tensor
was partially computed. In the present work we obtain the com-
plete form of the effective stiffness tensor. For the coefﬁcients of
thermal expansion, Eq. (58)2 gives
ah ¼ fChg1 : c: ð67Þ
In the previous equation, c is given by
c ¼
crr 0 0
0 chh 0
0 0 czz
2
64
3
75; ð68Þwhere
crr ¼ Chrrrr
X2
k¼1
ck
CðkÞrrrra
ðkÞ
rr þ CðkÞrrhhaðkÞhh þ CðkÞrrzzaðkÞzz
CðkÞrrrr
;
chh ¼ Chrrhh
X2
k¼1
ck
CðkÞrrrra
ðkÞ
rr þ CðkÞrrhhaðkÞhh þ CðkÞrrzzaðkÞzz
CðkÞrrrr
þ
X2
k¼1
ck C
ðkÞ
hhhh  CðkÞrrhh
CðkÞrrhh
CðkÞrrrr
 !
aðkÞhh þ
X2
k¼1
ck C
ðkÞ
hhzz  CðkÞrrzz
CðkÞrrhh
CðkÞrrrr
 !
aðkÞzz ;
czz ¼ Chrrzz
X2
k¼1
ck
CðkÞrrrra
ðkÞ
rr þ CðkÞrrhhaðkÞhh þ CðkÞrrzzaðkÞzz
CðkÞrrrr
þ
X2
k¼1
ck C
ðkÞ
hhzz  CðkÞrrhh
CðkÞrrzz
CðkÞrrrr
 !
aðkÞhh þ
X2
k¼1
ck C
ðkÞ
zzzz  CðkÞrrzz
CðkÞrrzz
CðkÞrrrr
 !
aðkÞzz :
ð69Þ
For obtaining the mechanical response in the microscale we
need to solve Eq. (58)2. Using the Voigt notation for the stiffness
coefﬁcients, these equations for each material constituent are
written
@
@r
CðwÞrrrra
ðwÞ
rr þ CðwÞrrhhaðwÞhh þ CðwÞrrzzaðwÞzz þ CðwÞrrrr
@N0ðwÞr
@r
 !
¼ 0;
@
@r
CðwÞrhrh
@N0ðwÞh
@r
 !
¼ 0; @
@r
CðwÞrzrz
@N0ðwÞz
@r
 !
¼ 0:
ð70Þ
At the point ðr; h;zÞ ¼ ðrmin;0;0Þ of the boundary of the unit cell we
assume that all N0 are equal to a prescribed value w. Due to period-
icity, all N0 are also equal to w at ðrmax;0;0Þ. Using the continuity
conditions (46)3,4, Eq. (70) lead to
@N0ðwÞr
@r
¼ crr  C
ðwÞ
rrrra
ðwÞ
rr  CðwÞrrhhaðwÞhh  CðwÞrrzzaðwÞzz
CðwÞrrrr
;
and the rest of the derivatives of N0ðwÞ equal to zero.
The micro-stresses are given as function of the macro-tempera-
ture and the macro-strain from the following equations:
rð0ÞðwÞrr ¼ Chrrrreð0Þrr þ Chrrhheð0Þhh þ Chrrzzeð0Þzz  crrð#ð0Þ  #ref Þ;
rð0ÞðwÞhh ¼ CðwÞrrhh þ CðwÞrrhh
@NrrðwÞr
@r
 !
eð0Þrr þ CðwÞhhhh þ CðwÞrrhh
@NhhðwÞr
@r
 !
eð0Þhh
þ CðwÞhhzz þ CðwÞrrhh
@NzzðwÞr
@r
 !
eð0Þzz
 CðwÞrrhhaðwÞrr þ CðwÞhhhhaðwÞhh þ CðwÞhhzzaðwÞzz þ CðwÞrrhh
@Nð0ÞðwÞr
@r
 !
 ð#ð0Þ  #ref Þ;
rð0ÞðwÞzz ¼ CðwÞrrzz þ CðwÞrrzz
@NrrðwÞr
@r
 !
eð0Þrr þ CðwÞhhzz þ CðwÞrrzz
@NhhðwÞr
@r
 !
eð0Þhh
þ CðwÞzzzz þ CðwÞrrzz
@NzzðwÞr
@r
 !
eð0Þzz
 CðwÞrrzzaðwÞrr þ CðwÞhhzzaðwÞhh þ CðwÞzzzzaðwÞzz þ CðwÞrrzz
@Nð0ÞðwÞr
@r
 !
 ð#ð0Þ  #ref Þ;
rð0ÞðwÞhz ¼ CðwÞhzhzeð0Þhz ;
rð0ÞðwÞrz ¼ CðwÞrzrz þ CðwÞrzrz
@NrzðwÞz
@r
 !
eð0Þrz ;
Table 1
Thermomechanical properties of multilayered tube constituents.
Property Steel Aluminum
Young modulus (GPa) 206.742 72.041
Poisson ratio 0.3 0.35
Thermal expansion coefﬁcient (1/K) 12.265E6 23.201E6
Thermal conductivity (W/(m K)) 65.106 207.498
Table 2
Thermomechanical effective properties of multilayered tube.
Err
(GPa)
Ehh
(GPa)
arr ðK1Þ ahh ðK1Þ jrr
ðW=m KÞ
jhh
ðW=m KÞ
118.717 139.567 20.736E6 15.249E6 99.113 136.302
Table 3
Thermomechanical properties of FRP constituents.
Property E-glass Epoxy
Young modulus (GPa) 72.4 3
Poisson ratio 0.16 0.3
Thermal expansion coefﬁcient (1/K) 5.4E5 1E4
Thermal conductivity (W/(m K)) 0.05 3.3
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@NrhðwÞh
@r
 !
eð0Þrh :
Considering a speciﬁc numerical example, we assume a multi-
layered tube, consisting of steel and aluminum alloy. Their proper-
ties are presented in Table 1 (Popovich and Fedai, 1997). We
assume the same volume fractions for the two materials.
The effective mechanical and thermal properties of the compos-
ite tube are shown in Table 2. As it can be seen from the results, the
angular Young modulus and angular thermal conductivity are
higher than the radial Young modulus and radial thermal conduc-
tivity respectively. On the contrary, the coefﬁcient of thermal
expansion is higher in the radial direction.4.2. Unidirectional ﬁber-reinforced polymer tube
In this subsection we examine the effective behavior of ﬁber
reinforced polymer (FRP) composites, consisting of E-glass ﬁbersFig. 5. Schematic of cross section of FRP composite with (a) tetragoin an epoxy resin. FRP composites with hollow cylinder structure
can be used to protect cylindrical concrete columns. Usually, two
or three layers of FRP composites cover a single column. Each layer
has thickness close to 1 mm. The E-glass ﬁbers have diameter be-
tween 5–20 lm (Triantaﬁllou, 2010. See also Bakis et al., 2002).
The large number of ﬁbers in the FRP composite, even in the thick-
ness direction, allow the use of homogenization techniques. The
homogenization is accomplished with the ﬁnite element method,
using the COMSOL Multiphysics software.
We assume a unidirectional FRP composite, with the ﬁbers par-
allel to the axial direction of the tube. The FRP has E-glass ﬁber vol-
ume fraction equal to 25%. Both the epoxy and the E-glass ﬁbers
are assumed isotropic. The thermomechanical properties of the
epoxy resin and the E-glass ﬁbers are shown in Table 3. We study
two cases of ﬁber arrangement, the cylindrical and the tetragonal
(Fig. 5).
The tetragonal arrangement violates the periodicity only at the
boundaries of the tube. Since the ﬁbers are very small compared to
the size of the matrix, we can approximately neglect this boundary
layer, and use the classical homogenization method for the tetrag-
onal arrangement (Kalamkarov and Kolpakov, 1997). In this exam-
ple this arrangement is used for validation of the numerical
solution provided by the COMSOL Multiphysics software. The ob-
tained effective properties of the tetragonal arrangement are com-
pared with analytical micromechanics methods provided in the
literature.
For the cylindrical arrangement, we assume that the volume
fraction remains the same through the radius. In order to achieve
that, we need to have more ﬁbers at larger radii. This creates a type
of ‘‘discontinuity’’ of ﬁbers in the radial direction (Fig. 5b). It is
important to mention that this problem is not the same with the
case presented in Fig. 1. In Fig. 1 the unit cells present the same
volume fraction through the increase of the ﬁber radius. In the
present case, the unit cells preserve the constant volume fraction
by having more ﬁbers through the thickness of the tube. It is an
idealized situation which allows us to apply the homogenization
method with exact microstructural periodicity. However, A more
realistic case would require the application of approximate locally
periodic homogenization, as it is explained at Section 3.4.
The unit cells used in both the tetragonal and the cylindrical
arrangements are shown in Fig. 6. As it can be seen, both are rep-
resented with square shape for the matrix and cylinder shape for
the ﬁber. The difference is that the tetragonal arrangement is
solved in the ðxd ; ydÞ space, while the cylindrical arrangement is
solved in the ðrd ; r hdÞ space. The cylindrical UC depends on thenally periodic structure and (b) cylindrically periodic structure.
Fig. 6. Unit cell of unidirectional FRP composite for (a) tetragonally and (b) cylindrically periodic structure. The r denotes the macroscale radial coordinate.
Table 4
Effective properties of FRP composite with tetragonally periodic structure in Cartesian
coordinates.
AEH Micromechanics
Mechanical properties (GPa)
Stiffness tensor component
Cx11 ¼ Cx22 5.9225 5.789
Cx33 21.4374 21.4367
Cx12 2.2411 2.373
Cx13 ¼ Cx23 2.0914 2.0912
Cx44 ¼ Cx55 1.8525 1.8516
Cx66 1.6194 1.708
Thermal expansion (1/K)
Thermal expansion coefﬁcient component
ax11 ¼ ax22 9.37E5 9.75E5
ax33 5.94E5 5.91E5
Thermal conductivity (W/(m K))
Thermal conductivity component
jx11 ¼ jx22 2.0105 2.0105
jx33 2.4875 2.4875
Table 5
Effective properties of FRP composite with cylindrically periodic structure in
Cartesian coordinates.
AEH
Mechanical properties (GPa)
Stiffness tensor component
Cx11 ¼ Cx22 5:9225 0:4426 2x2y2ðx2þy2Þ2
Cx33 21.4374
Cx12 2:2411þ 0:4426 2x2y2ðx2þy2Þ2
Cx13 ¼ Cx23 2.0914
Cx44 ¼ Cx55 1.8525
Cx66 1:6194þ 0:4426 2x2y2ðx2þy2Þ2
Cx16 ¼ Cx26 0:4426xy x2y2ðx2þy2Þ2
Thermal expansion (1/K)
Thermal expansion coefﬁcient component
ax11 ¼ ax22 9.37E5
ax33 5.94E5
Thermal conductivity (W/(m K))
Thermal conductivity component
jx11 ¼ jx22 2.0105
jx33 2.4875
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ume fraction of the ﬁbers is constant, it sufﬁces to solve the cylin-
drical UC for an arbitrary r only once. The boundary conditions are
periodic displacements (ux;uy;uz for the tetragonal arrangement
and ur ; uh; uz for the cylindrical arrangement) for the mechanical
part, and periodic temperature for the thermal part.
The results for the tetragonal arrangement are summarized and
compared with analytical micromechanics methods in Table 4.3
The micromechanics methods that are used are the following: For
the mechanical properties, the well established Mori–Tanaka meth-
od for ﬁber composites is used (Qu and Cherkaoui, 2006). The coef-
ﬁcients of thermal expansion are obtained using the Schapery
method from the formulas
ax33 ¼
Efafv þ Emamð1 vÞ
Efv þ Emð1 vÞ ;
ax11 ¼ ax22 ¼ ð1þ mf Þafv þ ð1þ mmÞamð1 vÞ  ax33½mfv þ mmð1 vÞ;
ð71Þ3 The upper index x in the properties denotes that the numbering refers to Cartesian
coordinate system, where ð1;2;3Þ ! ðx; y; zÞ.where E is the Young modulus, a the thermal expansion coefﬁcient,
m the Poisson ratio, v the ﬁber volume fraction and where the lower
indices m and f denote matrix and ﬁber property respectively. The
Schapery method was validated with experiments for polymeric
matrix–glass ﬁber composites (Schapery, 1968). Since both Mori–
Tanaka and Schapery are referred to random distribution of ﬁbers
in the matrix (which is equivalent to hexagonal ﬁber arrangement,
Hashin and Rosen, 1964), the small difference between the results
of the numerical and the analytical methods is expected. On the
contrary, the transverse thermal conductivity is obtained with the
Rayleigh’s method
jx11 ¼ jx22 ¼ jm 1
2v
Aþ v  0:3058A v4
 !
; A ¼ km þ kf
km  kf ; ð72Þ
which was designed for tetragonal arrangement ﬁber composites
(Rayleigh, 1892). This is the reason for the excellent agreement
between the numerical and the analytical results. The axial thermal
conductivity is computed with the rule of mixtures.
For the cylindrically periodic structure, we obtain the effective
stiffness tensor
Fig. 7. (a) Concrete cylinder wrapped with FRP composite. (b) Schematic of the cross section of FRP composite with ﬁbers in 2 directions.
Fig. 8. Unit cell of FRP composite. The r denotes the macroscale radial coordinate.
Table 6
Effective properties of 2-dimensional FRP composite.
Value (GPa)
Mechanical properties
Stiffness tensor component
Crrrr 6.2070
Chhhh 23.0214
Czzzz 9.7505
Crrhh 2.1366
Crrzz 2.1574
Chhzz 2.3544
Chzhz 2.5935
Crzrz 1.7829
Crhrh 1.8334
Thermal properties
Thermal expansion coefﬁcient component
arr 9.81E5
ahh 5.96E5
azz 7.51E5
Thermal conductivity component
jrr 1.3772
jhh 2.1979
jzz 2.0954
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5:9225 2:2411 2:0914 0 0 0
2:2411 5:9225 2:0914 0 0 0
2:0914 2:0914 21:4374 0 0 0
0 0 0 1:8525 0 0
0 0 0 0 1:8525 0
0 0 0 0 0 1:6194
2
666666664
3
777777775
;the effective coefﬁcients of thermal expansion tensor
ah ¼
9:37E 5 0 0
0 9:37E 5 0
0 0 5:94E 5
2
64
3
75;
and the effective thermal conductivity tensor
jh ¼
2:0105 0 0
0 2:0105 0
0 0 2:4875
2
64
3
75:
These properties refer to cylindrical coordinate system. In Cartesian
coordinates, the stiffness tensor, the thermal conductivity tensor
and the coefﬁcient of thermal expansion tensor are computed by
proper rotation from cylindrical to Cartesian coordinate system.
The non-zero components are given as functions of the Cartesian
coordinates x and y by the formulas given in Table 5. The obtained
results are almost the same with these observed for the tetragonally
periodic tube structure. The reason for this is that both the tetrag-
onally and the cylindrically periodic structure lead to effective
materials that are almost transversely isotropic with axis of sym-
metry parallel to the axial direction of the tube (z axis). For the ther-
mal properties (thermal expansion and thermal conductivity), the
two structures give identically the same results.
4.3. Two-directional ﬁber-reinforced polymer tube
This example refers to a FRP composite of tube geometry, with
ﬁbers in the axial and hoop direction. The FRP covers a cylindrical
concrete specimen (Fig. 7a).
The dimensions and the properties of the example are moti-
vated by Kshirsagar et al. (2000). We assume that the concrete
specimen has a length of 20.4 cm and a diameter of 10.2 cm. The
specimen’s outer surface is covered with a FRP composite of
thickness equal to 1.3 mm. The FRP consists of epoxy resin and
E-glass ﬁbers, whose mechanical and thermal properties are given
in Table 3. The E-glass ﬁbers are distributed in 2 directions in the
epoxy. The total volume fraction of the ﬁbers in the axial direction
is taken equal to 3%, while in the hoop direction equal to 27%. The
distribution of the E-glass ﬁbers inside the epoxy is shown in the
schematic cross section of Fig. 7b. In this example we assume that
the E-glass ﬁbers have a diameter equal to 8 lm. Assuming that in
the thickness (or radial) direction of the FRP the ﬁbers have the
maximum density (65 axial and 65 hoop ﬁbers), the radial distance
between an axial and a hoop ﬁber is taken equal to 2 lm.
Fig. 9. Distribution of micro-stresses at a point with radial macro-strain equal to 0.005 and difference between reference and macro-temperature equal to 10 K: (a) radial
stresses and (b) hoop stresses.
Fig. 10. Distribution of micro-ﬂuxes at a point with macroscopic radial temperature gradient equal to 50 K/m: (a) radial heat ﬂuxes and (b) hoop heat ﬂuxes.
Fig. 11. Schematic of (a) fuzzy ﬁber composite and (b) fuzzy ﬁber.
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E-glass ﬁbers in the FRP radial direction, the ﬁbers volume fraction
changes progressively as we move from the inner to the outer
diameter of the FRP and the approximate locally periodic
homogenization approach is required. Since though the radius is
much larger than the thickness of the FRP, the change in ﬁber vol-
ume fraction is very small and can be neglected. With this approx-
imation we need to solve only one unit cell problem, which ispresented in Fig. 8. The unit cells are solved numerically with the
ﬁnite element method using the COMSOL Multiphysics software.
For the unit cell of Fig. 8, 31,553 triangular elements are used.
The type of ﬁnite elements chosen here are the Lagrange –
Quadratic.
From the numerical results (Table 6) we observe that the signif-
icant volume fraction of the hoop ﬁbers (27%) leads to a hoop effec-
tive Young modulus of 22 GPa and hoop effective thermal
Fig. 12. Cross section of the ‘‘fuzzy ﬁber’’ interphase.
Table 7
Thermomechanical properties of layers.
EPIKOTE 862 resin
Young modulus 3 GPa
Poisson ratio 0.3
thermal expansion coefﬁcient 10E5 1/K
thermal conductivity 3.3 W/(m K)
CNT
Young modulus 1100 GPa
Poisson ratio 0.14
thermal expansion coefﬁcient 6.5E6 1/K
thermal conductivity 2000W/(m K)
Fig. 13. Local approximation of a CNT in the composite’s interphase with
cylindrically periodic ﬁber.
Fig. 14. Unit cell of the interphase for mesoscale r equal to (a) 2.
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cient of the glass ﬁbers.
As it is mentioned in the previous section, the proposed method
allows the computation of the microscale response (stresses,
strains and heat-ﬂuxes) using macroscopic information. Consider-
ing a point in the FRP with macroscopic radial strain equal to 0.005
(the other strain components equal to zero), macroscopic
difference in temperature equal to 10 K and macroscopic radial
temperature gradient equal to 50 K/m (the other temperature
gradients equal to zero), Figs. 9 and 10 present the micro-stresses
and the micro-ﬂuxes respectively in the radial and circumferential
direction of this point.
4.4. Interphase of ‘‘fuzzy ﬁber’’ composites
The ‘‘fuzzy ﬁber’’ composite, whose interphase we want to
study, is a ﬁber composite material system (Fig. 11a), in which a
carbon ﬁber (CF) is coated with radially aligned carbon nanotubes
(CNTs) (Fig. 11b). The ‘‘fuzzy ﬁber’’ is embedded in a matrix, which
can be an epoxy. The interphase between the CF and the matrix is
by itself a composite in the mesoscale level, consisting of CNTs and
matrix (Fig. 12). The CNTs of the interphase are represented as hol-
low tubes of very large length, compared to their diameter.
The numerical examples presented in this Section are motivated
by the experiments presented in Sager et al. (2009). T650 carbon
ﬁbers with diameter 5 lm are coated with radially aligned hollow
carbon nanotubes of 2 lm length. The CNTs have internal radius
0.51 nm, external radius 0.85 nm. The ‘‘fuzzy ﬁbers’’ are embedded
in EPIKOTE 862 resin. The intermediate layer contains CNTs with
average volume fraction 42.17%. The properties of the CNTs are as-
sumed the same as the properties of the graphene (Seidel and
Lagoudas, 2006). The thermomechanical properties of the epoxy
resin and the CNTs are shown in Table 7.
For the computations we used the ﬁnite element program COM-
SOL Multiphysics. The effective properties for the interphase were
obtained for hexagonal arrangement of the CNTs. Since the peri-
odic structure of the interphase depends on the radius, we are
applying the approximate locally periodic homogenization tech-
nique and several unit cells need to be solved numerically. In a
subvolume, the CNT ﬁber cross section is represented with a ﬁber
with the same volume and presents cylindrical periodicity
(Fig. 13). Each unit cell represents a different proﬁle of the inter-
phase with respect to radius, and the volume fraction of the CNTs
decreases as the radius increases. Fig. 14 shows several unit cells
that were solved. Here the arrangement of CNTs is exactly75 lm, (b) 3.75 lm and (c) 4.5 lm. Hexagonal arrangement.
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Fig. 15. Effective stiffness coefﬁcients of the ‘‘fuzzy ﬁber’’ interphase.
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Fig. 17. Effective thermal conductivities of the ‘‘fuzzy ﬁber’’ interphase.
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interphase) where the carbon ﬁber and the interphase are
connected. As we move closer to the matrix, the length of the unit
cell at the y2 direction elongates, disturbing the hexagonal symme-
try (see also Chatzigeorgiou et al., 2011).
The components of the effective stiffness coefﬁcients
C11; C22; C33, the effective thermal coefﬁcient and effective ther-
mal conductivity of the ‘‘fuzzy ﬁber’’ interphase are presented in
Figs. 15–17 as functions of the mesoscale radius r.
The effective interphase has orthotropic thermal behavior. The
thermal expansion coefﬁcient in the radial direction is one order
of magnitude smaller than the other two coefﬁcients (Fig. 16). On
the other hand, the radial thermal conductivity is more than one or-
der of magnitude higher than the other two conductivities (Fig. 17).The effective thermomechanical properties of the actual ‘‘fuzzy
ﬁber’’ composite can be determined using similar approach with
the one discussed in Chatzigeorgiou et al. (2011) for the mechani-
cal effective properties.5. Conclusions
In this work we present a modiﬁed version of the asymptotic
expansion homogenization method which allows for computing
effective thermomechanical properties of composites with cylin-
drical periodicity in the microstructure. This formulation is the ba-
sis of an approximate locally periodic homogenization procedure.
Additionally we are able to provide information about the micro-
G. Chatzigeorgiou et al. / International Journal of Solids and Structures 49 (2012) 2590–2603 2603scale response of the composite, computing micro-stresses, micro-
strains and micro-ﬂuxes. The proposed method is based on solving
unit cells with macrovariable-dependent elementary volume and it
is validated by comparing with other micromechanics techniques.
Several numerical and theoretical examples of engineering interest
were presented in order to check the validity and the capabilities of
the proposed method. The related results could provide guidance
for a way to back-out certain difﬁcult-to-measure moduli based
on limited measured data, as well as the microscale response of
composites with cylindrical geometry.
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